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I. INTRODUCTION 
Let E={s: ]z] < l} and Y(U) be the class of functions 
s(2) = 2 + b& + **. analytic in E satisfying 
z E E, U-1) 
where 0 < 01 < 1. A function s(z) in 9’(a) is said to be starlike of order 01. 
The functions in Y”(a) are univalent in E and a function in Y(0) is called 
starlike. If s(x) is in Y(l), then s(z) = z. 
J. S. Ratti has obtained in [7] discs of univalence for certain classes of 
functionsf(x) analytic in E. Some of his results required that either 
Re fi > 0 
I I 
or Re d2) ’ 
2 I I 2 Y- (1.2) 
be satisfied in E, where Re{f(.z)/g(z)} > 0. This was suggested by theorems 
obtained by MacGregor in [3], [4], [5]. In this paper the expression g(z)/x 
in (1.2) is replaced by g(z)/s(x) or +)/g(z), where s(z) is in 9’(a). Theorems 1, 
2,4, 5 of Ratti are the cases cy = 1 of our Theorems 3.1, 3.2, 3.3, 3.4, respec- 
tively. 
II. SOME LEMMAS 
DEFINITIONS. Let CZ?’ be the class of functions f(z) = z + a.# + *** 
analytic in E. Also let 9’(a) be the class of functions p(z) = 1 + clz -/- ..* 
analytic and satisfying Re{p(z)} > (Y in E, 0 ,< a < 1. 
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The following lemmas will be used. 
LEMMA 2.1. If #z) is analytic and / d(z)1 < 1 in E, then 
, $p,), < 1 - I4(4l” 
’ l-1212 
in E. 
This result may be found in [I]. 
LEMMA 2.2. If h(x) is in P(a), then 
Rep+)) > 1 - (1 - 24 I 2 I 
1+1x1 - 
This readily follows from the fact that 
h@) = 1 - (1 - 24 4(x) 
1 + z+(z) ’ 
where #(z) is analytic and 1 #(z)I < 1 in E. 
LEMMA 2.3. If h(x) is in 9(O), then 
Re zh’(4 > _ 2 
I 1 
I x I 
h(x)’ 1 --(x12’ 
This is a simple consequence of Lemmas 2.1 and 2.2. 
LEMMA 2.4. Let h(x) be in S(g). Then 
Re xh’w < I z I 
i 1 h(z)’ 1-1x1 Or f 
XEE 
1x1 - 
1 flsl .for IZI -+ 
Re ~h’(4 > 
1 1 
- (dZ - dl - / z I”)” 
h(z)’ 1 --I212 f 
OY 
The result is sharp. 
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Proof. From Lemma 2.2 h(z) = l/(1 + Z+(Z)) 
1 C+(Z)] < 1 in E. Let h = - Re(zh’/h). Then 
581 
where 4(z) is analytic and 
< (Re 24 + I ~4 I”) (1 - I z 1”) + I z2 I (1 - I $ 12) (1 + I4 I) . \ 
(1 - 127 I”) I 1 + J4 I2 
The last inequality follows from Lemma 2.1. Set I z I = r, Re z+ = X, and 
t = ) z+ I . Then 
h < (1 - r2) lx + t2> + b” - t2) (1 + t) ~ (.-v(& x. q 
(1 - Y”) (1 + 2x + t2) > . 
For fixed t and T, G is a nondecreasing function of x provided 
0 < (1 + t2) (1 - r”) - 2@(1 - 72) - 2(r2 - t”) (1 + t). 
This is the case for 0 < t < r < 1 if and only if 
r2 < 1 - t + 2t2 
\ 3-t * 
The function on the right-hand side of this inequality has its minimum value 
8 1/z - 11 for 0 < t < 1 at t = 3 - 2 42. Therefore the inequality holds 
when r2 .< 8 1/2 - 11 and we have 
= (1 - r2) t(1 + t) + (r” - t2) (1 + t) 
(1 - r2) (1 + t)2 
= (1 -Y”)(l + t) * 
For fixed r, g(t, r) has a maximum value in [- 1, co] when 
t = t1 = d2(1 - Y") - 1. 
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Now tl < r if and only if r > 9. Since 0 < t < r, we have 
mFxg(t, Y) = 
for r < f (max at t = r), 
for 
Q < 7 < 48 & - 11 (max at tl). 
Re x&4 
I I 
Y 
h(z)= 
-- 
1+y 
for and z = Y. 
For 
equality holds for x = Y when 
h(z) = 
1 + bz 
b= 
t, - r2 
1 + 2ba + 9 ’ r(1 - t1) ’ 
t, = d/2(1 - r2) - 1. 
This shows the sharp lower bound on Re{zh’(x)/h(z)} in the lemma. The 
upper bound follows easily from Lemma 2.1 and equality holds when 
h(z) = z/(1 + z) for x = - 1 z 1 . 
III. RADII OF STARLIKENESS 
THEOREM 3.1. Supposef(z) and g(z) are in d and 
Re g(x) > 0 
I-1 44 ’ 
x E E, 
where s(z) is in Y(a). If 
Refo >0 
I I ‘d4 ’ 
x E E, 
thmf(x) is univalent and studike in 1 z 1 < Y, , where 
1 
‘“=3--++&4401+8’ 
The result is sharp. 
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Proof. Clearly f (z) = s(z) p&z) pa(z), where p&) E 9(O), j = 1,2. Then 
zf'(4 ~Pl'(4 + ZP2'(4 / 44 . -=- 
fc4 PI@> P&) 44 
From Lemmas 2.2 and 2.3 it follows that 
Re ~f’(4 >- 4r I I 
1 - (1 - 2oL) Y - - 
fc4 /1-g.+ 1+r 
= ?(I - 2~x9 + ~(201 - 6) + 1 
1 - ra 
It follows that f(z) is univalent and starlike for 1 x 1 < Y, , where Y, is as 
stated in the theorem. 
Let 
44 = (1 _",)2-2. 9 
z(l + 4 
m = (1 -z)3-2a ' 
41 + 4” 
f(4 = (1 -Z)4--Ba * 
The conditions of the theorem are satisfied andf ‘( - Y,) = 0. This shows the 
result is sharp. 
THEOREM 3.2. Let f(z) and g(z) be in .A@ and s(x) in Y(a). If 
Rex!&>1 - I I 44 2 ’ 
Re J‘w 
I I id4 > 0, 
z E E, then f (z) is univalent and starlike for 1 z 1 < r, where 
2 
ya = 5 - 2a + d4a2 - 12a + 17 * 
The result is sharp. In particular 
5-417 
-2-d?, 
1 
Y'o = 4 9 yilZ - r,=-. 3 
Proof. It follows that f (z) = s(z) p(z) h(z), where s(z) E ~(~),$~(a’) E B(O), 
and h(z) E~Q). By Lemmas 2.2, 2.3, and 2.4 we have for 1 z I = Y < 4 that 
- 
> 1 (1 2oL) --- 
- Y 2Y r 
I 
1+r 1 -YZ 1+r 
1 - (5 - 201) Y 2(1 - cd) Y2 + = > o 
1 -Y‘J , 
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provided Y < Y~‘,(< +). Sharpness follows from considering 
Remark. The bound r0 is best even when we only assume s(z) to be 
normalized, analytic, and univalent in E. For 
Re 44 
I I 44 
> 1-1~1 1 ’ 1$-l? for I z I < tanh - = 2 0.46212... 
in this case (see Krzyi and Reade [2]). A similar comment applies to Theo- 
rem 3.1. 
Note also that when 01 3 4, s(x) is convex when extremals are considered. 
THEOREM 3.3. Let f(z) and g(z) be in CQI and s(z) E Y(a). If 
and fb) p-1 <l 
d-4 
for x E E, then f (z) is univalent and starlike for 1 z 1 < Y, , where 
2 
?.a = 5 - 201+ d4G - 1201+ 25 ’ 
The result is sharp. 
Proof. First note that I( f/g) - 1 I < 1 if and only if Re{glf} > 4. Now 
f(z) = s(z) h(x)/k(x), where s(x) E Y(U), h(z) E 8(O) and k(z) E g(3). Thus 
From Lemmas 2.2, 2.3, and 2.4 it follows that 
2 r 
1+r ---- 1 -r2 l-r 
= 1 + (2m - 5) r - 2034 > o 
l--r2 ” 
provided 1 z / = r < r, . 
Consider 
h(z) = 2 , 44 = (1 + ;),,I-., ’ W = & , 
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z(1 - z)” 
f(‘) = (1 + %)3--2rr ’ 
Then f’(r,) = 0 and so the result is sharp. 
THEOREM 3.4. Let f(x) and g(z) be in &’ and s(x) in 9’(a). If 
and f(4 ---I <l 
&) 
for z E E, then f(x) is univalent and starlike fm 1 x 1 < Y, where 
1 
‘“-2-a+.\/a2-2a+3 
if 
and r, is the smallest positive zero of the polynomial 
4 - 4(3 - 201) r - (13 - 4or + 401~) r2- 2(3 - 2a) (2or - 1) r3 - (2a: - 1)2 fl 
when 4 < u < 1. The result is sharp. 
Proof. By the same reasoning as in Theorem 3.3, g(z) = f(z) h(z), where 
h(z) E Y(Q). Also g(z) = s(x) k(x) where k(x) E P(s). By Lemmas 2.2 and 2.4 
it follows that 
provided 
= (1 - 201) rs + (201 - 4) r + 1 > o (3.1) 
1 -r2 I , 
1 z I = r < r, = (2 - a + da2 - 2or + 3)-l. 
Note that rr,s = Q and that the use of Lemma 2.4 in (3.1) is justified. Sharp- 
ness is shown for 0 < 01 < $ by letting 
s(z) = (1 + ;)211G.) ’ k(4 = & , 44 = A, 
and 
f@,=S, for f’(r,) = 0. 
409/31/3-g 
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If $ < ~11 < 1 then use of Lemma 2.4 changes inequality (3.1) to 
-(k&1/1 -9)s r -- 
1 -r2 I--r 
(3.2) 
(1-2a)r2-(3-2a)r-2+2d~,0 
1 - r2 I , 
provided 1 z / = r < r, , where r, is the smallest positive root of the poly- 
nomial listed in the hypothesis. Sharpness follows from the fact that equality 
can be attained in each of the three terms in the right-hand side of inequality 
(3.2). 
When OL = 1, rI is the smallest positive zero of Ratti’s polynomial, 
4 - 4r - 13r2 - 2r3 - r*. In particular ri + 0.41. 
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